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Context

At the end of the 19th century, motivated by the restricted circular
3-body problem, H. Poincare introduced the study of the area
preserving diffeomorphisms near an elliptic fixed point.
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Then, in the 30’s, Birkhoff began the study of the exact symplectic
twist maps : after a symplectic change of coordinates
(action-angle), these maps represent what happens near an elliptic
fixed point of a generic area preserving diffeomorphism.



Notations

I T = R/Z is the circle.

I A = T× R is the annulus, an element of A is denoted by
(θ, r).

I A is endowed with its usual symplectic form (area form),
ω = dθ ∧ dr and its usual Riemannian metric.

I π : T× R→ T is the first projection and π̃ : R2 → R its lift.



Exact symplectic twist maps

A C 1 diffeomorphism f : A→ A of the annulus which is isotopic
to identity is a positive twist map if, for any given lift f̃ : R2 → R2

and for every θ̃ ∈ R, the maps r 7→ π̃ ◦ f̃ (θ̃, r) and
r 7→ π̃ ◦ f̃ −1(θ̃, r) are both diffeomorphisms, the first one
increasing and the second one decreasing.

π̃ π̃

f̃

If f is a positive twist map, f −1 is a negative twist map.
A twist map may be positive or negative.



Moreover, f is conservative (or exact symplectic) if the area
delimited by every essential curve and its image is zero.



Examples

The simpler examples are the completely integrable ones :
f (θ, r) = (θ + dτ(r), r). Here the annulus is foliated by invariant
circles {r = C} :

Another classical example is the standard map :
fλ(θ, r) = (θ + r , r + λ sin(2π(θ + r))). J .Mather and S. Aubry
proved that fλ has no invariant graph for λ ≥ 4
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Birkhoff 1st theorem

Theorem
Let f : A→ A be a conservative twist map. Then every essential
curve that is invariant by f is the graph of a Lipschitz map.

Let us point out that this result is a regularity result in a certain
sense, because it implies :
if the graph of a continuous map is invariant by a twist map, then
this continuous map is Lipschitz.



Non-smooth invariant curves 1

If we look at the time one map of the pendulum and more
particularly at the separatrices, we see that some of these invariant
curves can be non-smooth :

Question : (J. Mather) is it possible to find an essential curve
invariant by a conservative twist map that is not C 1 and that
contain no periodic point?



Non-smooth invariant curves 2

Definition
γ : T→ R is C 1 at θ0 if there exists γ′(θ0) ∈ R such that for any
sequences (αn), (βn) of points of T tending to θ0 such that
∀n, αn 6= βn, then :

lim
n→∞

γ(αn)− γ(βn)

αn − βn
= γ′(θ0).

I proved in 2007 :

Theorem
Any essential curve that is invariant by a conservative twist map is
C 1 above a dense Gδ subset with full Lebesgue measure of T.



Non-smooth invariant curves 3

M. Herman (1983) gave an example of a C 2 conservative twist
map with a C 1 invariant essential curve that contain no periodic
points and that is not C 2 (the dynamic restricted to this curve is
the one of a Denjoy counter-example).



Bounded instability zones

Definition
Let f : A→ A be a conservative twist map. A bounded instability
zone of f is an annulus C = {(θ, r) ∈ A;ψ−(θ) < r < ψ+(θ)}
where the (continuous) graphs of ψ− and ψ+ are invariant by f
and the closure C̄ of C doesn’t contain any other invariant graph.



Birkhoff’s theory

G. D. Birkhoff proved that in an instability zone, if V and U are
two neighbourhoods of the two ends of the zone, there always exist
an orbit joining U to V and an orbit joining V to U. J. Mather
and P. Le Calvez proved independently in the 80’s the following
improvement :

Theorem
Let f : A→ A be a conservative twist map. Let B1 and B2 be
two of the ends of a bounded instability zone C of f . Then there
exists a point of C whose α-limit set is in B1 and ω-limit set in B2.



K.A.M. theorems

In the 50’s, a surprising result about the persistence of the invariant
curves of the symplectic diffeomorphisms was proved. It implies :
if f : A→ A is a completely integrable C∞ twist diffeomorphism,
then any perturbation of f close to f for the C∞ topology has an
infinity of C∞ essential invariant curves and the dynamic restricted
to each of these curves is conjugated to the one of an irrational
rotation.



Existence of instability zones

A consequence of KAM theory is the following (due to
M. Herman) :

There exists an non-empty open subset U of C∞ twist maps that
have bounded instability zone. Moreover, generically in U , no
periodic point belongs to the boundary of an instability zone.



Examples of instability zones 1

We know that such instability zones exist, and we want to give one
explicit example of such a region. We assume that the conservative
twist map f is C∞.

A consequence of K.A.M. theory says us what cannot be the
boundary of an instability zone for a C∞ conservative twist map :

I it cannot be a C∞ K.A.M. curve (i.e. such that the restriction
of the dynamic is conjugated to the dynamic of one of a
diophantine rotation);

I it cannot be a C∞-curve on which the dynamic is completely
periodic.



Examples of instability zones 2

Some explicit examples exist, but not in with the same
assumptions.

I In 1981, J. Mather gave an example of a C∞ completely
periodic invariant curve for a billiard map (“glancing
billiards”); but in this case the billiard map is a twist except at
one point,

I Using Bonatti-Crovisier C 1-methods, we can C 1-perturb any
twist to obtain instability zones with (for example) diophantine
rotations on the boundary. But the twist map is just C 1...



Examples of instability zones 3

In fact, the only explicit example I know is a non-generic one, with
a periodic point on the boundary of the instability zone. It is due
to G. D. Birkhoff and is obtained by perturbing the time one map
of the pendulum in the neighbourhood of one of its separatrices in
such a way that the new twist map has only one separatrix for its
fixed point. Then this separatrix is the boundary of one instability
zone.



Questions

I Give an explicit example of a connected component of the
boundary of an instability zone with no periodic point.

I Can it be smooth? Non smooth?



C 0-integrability

Definition
A twist map is C 0-integrable if there is a partition of A into
C 0-graphs that are all invariant.

Questions : Do there exist an example of such a C 0-twist map
with as least one of the curves of the partition that is not C 1?
If f : A→ A is a conservative twist map that is C 0-integrable
with all the curves of the partition that are C 1, does this partition
define a foliation?



Some results about C 0-integrability

I proved the following result in 2007:

Theorem
Let f : A→ A a C 1 conservative twist map that is C 0-integrable.
Then there exists a Gδ dense subset G of the set of its essential
invariant curves (for the C 0-topology) such that all the curves of G
are C 1.
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